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1. Introduction

In this paper we extend a previous work [1] on the connection between M-theory and E1g.
There is a very intriguing connection between the infinite dimensional Lie group F1g and
M-theory on 719 [2, 3]. Generally speaking, fluxes of M-theory on T'1° correspond to certain
generators, or more precisely roots, of E19. Yet, not all generators of Fiy are accounted
for by fluxes. It was proposed in [1] that Kaluza-Klein particles and all the objects that
can be obtained from them by U-duality (M2-branes, M5-branes, etc.) can be associated
with other generators of Fjg, which are not associated with fluxes. The interpretation of
all generators is not yet complete, and there are an infinite number of F1y generators that
are associated with neither fluxes nor particles. Nevertheless, the physical interpretation
of the Fqy generators that we have so far is sufficient to start analyzing more complicated
backgrounds of M-theory.

In general, starting with an M-theory background X and a discrete symmetry group
I', we can often construct a new consistent background X/I" — the T'-orbifold of X. In
this procedure, we keep the I'-invariant “modes” and discard the “modes” that are not
invariant. In addition, consistency requirements such as anomaly cancellation and charge
conservation often necessitate the insertion of extra degrees of freedom — the “twisted”



sector. In perturbative string theory, there is a well defined procedure to find the twisted
sectors [4]. Recent developments in this field appear in [5] (which are the latest in a series
of papers starting with [6]). Unfortunately, at the moment there is no general principle to
determine the contents of the twisted sector in M-theory; a case-by-case analysis, which
sometimes relies on a clever guess, is required.

In this paper we will take X to be 710, and I" will be some Zs action, which needs to
be specified. One of the most famous examples of such a T'*°/Zy orbifold is T? x (S!/Z,),
for which the twisted sector at low-energy was found by Horava and Witten [7] to be an
Eg x Eg 9+1D Super-Yang-Mills theory.

Often, the twisted-sector contains an extra finite number of branes. For example the
Hofava -Witten orbifold can be viewed as type-IIA string theory compactified on S'/Zs
(xT®, in our case) with 16 extra (T®-filling) D8-branes [8]. This setting is known as
type-IA. The compactification of M-theory on T°/Zs, as another example, was studied
in [9][10] and argued in [10] to contain 16 M5-branes. Similarly, M-theory on T%/Z,
contains 16 M2-branes [11]-[14], and M-theory on T /Z contains 16 units of Kaluza-Klein
momentum [9, 12]-[15]. All of these examples are, in fact, dual to each other [9][12].

In this paper, we will re-examine the orbifolds 7'%/Z, and redefine them in terms of
FEqp. We will extend the Zs action to an automorphism of the root-lattice of E1g and then
to an automorphism of the whole E1g Lie algebra. We will show that some of the features
of the twisted-sector have a simple Ejg-description. In particular, there is an algebraic
connection between the Zs action on the Cartan subalgebra of E1y and the Ejg-root that,
according to [1], is associated with the branes of the twisted sector. Thus, the details of
the Zy action algebraically determine the types of branes in the twisted sector.

Naturally, we will refer to the subalgebra of E1g that is fixed by (invariant under) the
Zo automorphism as the untwisted sector. We will also refer to the Zs-invariant sublattice
of the F1g root lattice as the untwisted sector of the root lattice. In appendix C.1 we will
demonstrate that for each of the Zs orbifolds that we study, the untwisted sector of the
root lattice is isomorphic to the root lattice of the infinite dimensional Kac-Moody algebra
DFEy. We will also show that the untwisted sector of Fqy contains a D F1( subalgebra, but
is actually larger than D FEqg.

The orbifolds that we will study are also dual to heterotic string theory compactified
on TY. This compactification has been studied in [16]. There is reason to suspect that
the Kac-Moody algebra D FE1g appears in this setting. Its exact role is yet unknown, but
it is probably similar to the role of E1g in toroidal M-theory compactification. DFig is
a natural extension of the affine Lie algebra $0(24,8) that appears when heterotic string
theory is compactified on T® (see [17]-[19] and references therein).

DFEg is obviously a subalgebra of DFjgy; for any k¥ > 0. The Lie algebra DEjg
actually has a DF1g @ Dy subalgebra, where Dy, is isomorphic to the classical Lie algebra
50(2k). The case 2k = 16 is physically special because the number 16 that appears here
is, as we shall show, directly related to the appearance of 16 branes in the twisted sector
of the orbifolds above. (These could, for example, be the 16 Mb5-branes of the twisted
sector of T°/Zs.) This extra so(16) subalgebra will allow us to group the generators of
DE;s in s0(16)-representations. We will propose that if a generator belongs to a nontrivial



s0(16)-representation it is related to the twisted sector, and the details of the representation
determine the relationship between the generator and the 16 branes of the twisted sector.
For example, a DFE1g generator belonging to the fundamental representation is associated
with a single twisted-sector brane. We will present a few examples to support this proposal.

We have to mention that there is yet another infinite dimensional Kac-Moody Lie
algebra that is believed to be associated with heterotic string theory compactified on T°7.
This is the non-simply-laced BE1g, and it was shown in [20] that it is associated to the
cosmological evolution of the toroidally compactified heterotic universe. We will not discuss
BEg in this paper, since it does not seem to contain the information needed to distinguish
between the 16 twisted sectors.

As this work was close to completion, another paper that has some overlap with our
work appeared [21]. In this paper the orbifold invariant subalgebra of F1g is also identified
and it is also noted that it contains a proper DFEjg subalgebra. This is demonstrated
by decomposing under the finite Dg subalgebra. We had arrived at the same conclusion,
however, by decomposing under the affine Bg subalgebra. Zs-orbifolds of Fyg and other
Kac-Moody algebras have been also recently discussed in [22], with similar conclusions.
Other recent ideas related to orbifolds of infinite dimensional “hidden symmetries” of M-
theory appear in [23].

The paper is organized as follows. In section 2 we briefly review F1g and its relation
to M-theory on T''0. In section 3 we discuss the Zs orbifolds and demonstrate the algebraic
connection between the associated Zs action on the E7¢ root lattice and the root that is as-
sociated with the twisted-sector branes. In section 4 we demonstrate that the Zs-invariant
part of the E1g root lattice is isomorphic to the D FE1g root lattice, and we show that D Fq
is a proper subalgebra of the Zs invariant part of Fqg. In section 5 we review DFE1g, and in
section 6 we study the algebraic properties of the twisted sector — the generators of DFEg
that fall into nontrivial so(16) representations. In section 7 we connect the physical twisted
sector of the orbifold to its algebraic description in terms of DFE1g. Most of our discussion
is presented for the T /Zsy orbifold, but in section 8 we write down, for completeness, the
relevant formulas for the dual type-IA string theory. In section 9 we present a preliminary
discussion on a more complicated orbifold, (T%/Zy) x (T*/Zs), which is dual to M-theory
on certain Calabi-Yau 3-folds [24]. We conclude with a discussion in section 10. In appen-
dices A-C we fill-in some technical details about the definitions of the various subalgebras.
In appendix C.1 we explicitly show that the Zo invariant part of the root lattice of E1g is
equivalent to the root lattice of DFEjy and also to the sublattice of DFE;g that is orthogonal
to the roots of s0(16) C DEss. In appendix D we present a generating function for the
multiplicities of the Zo invariant roots of E1g that can be compared with a variant of the
“denominator formula” for the multiplicities of roots of DFE1g.

2. Preliminaries

We assume basic familiarity with Kac-Moody algebras. For a thorough treatment see [25].

Given a Kac-Moody Lie algebra X, we use the following notation:
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Figure 1: The Dynkin diagram of Eyg.

h(X)=  Cartan subalgebra (CSA) of X
)= roots of X

)= root lattice of X

)= weight lattice of X

W(X)= Weyl group of X

g(X)a = root space (for any root o € A(X))
(a|3) =  The Killing form [for any two roots a, 3 € h(X)"]
{(a,h) = The inner product [for any root € h(X)* and CSA element h € §(X)]

L(A) = Irreducible representation of X with a dominant highest-weight A € P(X).

We have the root space decomposition

X= P 0X)a  9X)a={z€X: [ha]=(ah)z VhehX)}. (2.1)
aeA(X)

2.1 Eyg

The Dynkin diagram of Ejq is given in figure 1.
It is possible to find a basis of h(X)* in which the root-lattice Q(F1q) is given by

10
{(nl,...,nlo): Y ni€dz, nezZ (= 1,...,10)} . (2.2)
i=1
In this basis a root « is given by a series of 10 integers,
a = (n1,n2, N3, N4, N5, M6, N7, N8, N9, N10), (2.3)

and the square of the root is

10 1 10 9
a? = Zn? - f(an)
1 9T

The simple roots can be written in this basis as

a1 = (1,-1,0,0,0,0,0,0,0,0),
ag == (0,1,—1,0,0,0,0,0,0,0),
ay = (0,0,1,—1,0,0,0,0,0,0),
as = (0,0,0,1,—1,0,0,0,0,0),



az = (0,0,0,0,1,—1,0,0,0,0),
oy = (0,0,0,0,0,1,-1,0,0,0),
a5 = (0,0,0,0,0,0,1,—1,0,0),
ag = (0,0,0,0,0,0,0,1,-1,0),
a7 == (0,0,0,0,0,0,0,0,1, 1),
as = (0,0,0,0,0,0,0,1,1,1). (2.4)

For the rest of the paper, whenever we express an E1g root a as a series of 10 integers, it
will be understood to be in the basis (2.4).

We define the fundamental weights A; € b(Ew)" (i = —1,...,8) as the solutions to
the linear equations

(Ailay) = dij, i,j=-1,...,8.

For future reference, we need the sum of the fundamental weights of F1g. This is the
weight that enters into character formulas and is given by

p=—30a_1 — 6lag — 93a; — 126cs — 1603 — 19504 — 2315 — 153 — 767 — 11505 .
We can also write it as
p = —(30,31,32,33,34, 35, 36,37, 38,39) . (2.5)

2.2 M-theory on T
In the basis dual to (2.4), an element of h(E1g) can be written as
h = (ha, ha, hg, ha, hs, he, hy, hs, ho, hio) |

so that

10
<h, a) = Z ’I”Lihi s
i=1

For M-theory applications, we will set h; = log(MpR;) (i = 1,...,10), where R; are
called the compactification radii, and M, is the eleven-dimensional Planck mass. 27R;
are the sizes of the directions of the 7' on which M-theory is compactified. Thus, the
connection with M-theory is given by the following identification,

h = (log[M,R1],log[M,Rq), . .. ,log[M,Ryo)) . (2.6)
A classical approximation is valid when M,R; > 1 for all ¢ = 1,...,10. In a dynamical

setting, R; and therefore h vary as a function of time, but we will not need to discuss time
dependence in the scope of this work.



2.3 Roots and fluxes

A few roots of E1g can be associated with zero modes of 10+1D supergravity fields. The
bosonic fields of 104+1D supergravity are the metric and 3-form. We denote their (spatial)
components by gry (1 <1 < J <10) and Cryix (1 <1 < J < K < 10). We denote
the supergravity variable associated with the root «, if it is established, by C,. For the
simple root ag, for example, we have Coy = Csg10, according to equation (2.4). The
other simple roots a; (i = —1,...,7), listed in equation (2.4), are associated with ratios
9(i+2),(i+3) / 9(i+3),(i+3) of metric components.

Similarly, the field Cj x corresponds to the positive root (2.3) withny =ny =ng =1,
and n; = 0 for ¢ # I, J, K. The ratio of metric components gry/gs; corresponds to (2.3)
withny=1,ny=—-1and n; =0 fori # I, J.

There is a simple way to see which variable is associated to a given root a. Us-
ing the identification (2.6), the expression 2w exp(i_i,a> can be written as a monomial
in the radii Rq,...,Ri9. This monomial can be interpreted as the real part of an ac-
tion of an instanton. The imaginary part of the action is the variable C,. For example,
2m exp <H, a_1) = 2Ry /Ry is the real part of the action of a Kaluza-Klein instanton whose
imaginary part is 2mig12/gee. Similarly, 27 exp (i_{, ag) = 27TMSR8R9R10 is the real part of
the action of an M2-brane instanton. Its imaginary part is (27)3iCsg19. (See [26] for more
details.)

Any real root, i.e. a root a that satisfies (a]|a) = a? = 2, is Weyl-dual to any one of
the simple roots. In other words, for any i = —1,...,8, there exists an element w in the
Weyl-group of Ejg, w € W(Ey), such that w(a) = a; [25]. In M-theory, W(E) is a
subgroup of the U-duality group [27][28], which is F19(Z) [29]. Thus, any real root a can
be associated with an instanton formally [26][30]. If we assume

1

R R o> R - -
1> oy > > 10>>M1§R8R9’

(2.7)

then whenever « is a positive root 27 exp <l_i, ) is large, and thus can be interpreted as an
instanton action of some object that is formally U-dual to a Kaluza-Klein instanton (or M2-
brane). The requirement (2.7) is always satisfied in the classical limit of eleven-dimensional
supergravity,

R1>>R2>>"'>>R10>>M1;1. (2.8)

Imaginary roots, which satisfy a? < 0, are not Weyl-equivalent (U-dual) to real roots
and therefore cannot be interpreted as instantons. It was proposed in [1] that at least a
subset of them can be associated with Minkowski brane charges. This subset is the set of
positive prime isotropic roots — positive roots that satisfy a? = 0 and cannot be written
as a nontrivial integer multiple of another root.

To find the brane charge that corresponds to a given positive prime isotropic root «,
we need to examine the monomial

(2.9)



and identify it with the energy of a Minkowski brane. The denominator of (2.9) comes
naturally if we realize that the Weyl-invariant numerator exp (h, «) measures the energy
in units dual to conformal time [1], which is usually defined by the differential equation

dt
- QWM]?Rl(t) e Rlo(t) ’

dr (2.10)
where the explicit dependence of radii on time ¢ was restored.

We will now present two examples of positive prime isotropic roots and their associated
brane charges. For the first example take

a=(0,1,1,1,1,1,1,1,1,1).

We get m(a) = 1/R; which identifies it with a Kaluza-Klein particle. For the second
example take

a=(2,211,1,1,1,1,1,1).

We get m(a) = MgRlRQ, which identifies it with an M2-brane. All positive prime isotropic
roots of Ejg are Weyl-equivalent, and therefore any such root can be identified with a
formal U-dual of a Minkowski brane. More details and more arguments in favor of the
correspondence between brane charges and imaginary roots can be found in [1].

In [31] a different program for identifying imaginary roots of Eyp with supergravity
fields was suggested. There, imaginary roots were associated with multiple derivatives of
supergravity fields. In this paper we will only discuss imaginary roots in the context of
their corresponding brane charges, but it would be interesting to extend our discussion of
Eg orbifolds also to the multiple-derivative fields of [31].

Also, we have to mention a different scheme [32]-[34] in which brane charges are related
to real-roots of E11. In this paper we will restrict ourselves to F19. We will also discuss
only bosonic excitations. A more complete description probably requires an extension of
E1p to a superalgebra. A supersymmetric version of F1; was recently described in [35].

Finally, we mention a recent interesting idea about yet another connection between Fg
and M-theory [36]-[38]. In this context Fg is conjectured to be a symmetry of a certain
“topological” sector of M-theory. It appears that this E9 has a different real structure than
the one in our context.

3. The orbifolds

We will now begin to study the Zy-orbifolds. The following definition will be useful.

Definition 3.1. We say that two roots o, § € A are equivalent mod 2 if

(aln) = (Bln)  (mod 2)

for every n € @ (where @ is the root lattice).



For each orbifold we will first identify the Zo-charge of each supergravity field Cryx
and gry. This will allow us to identify the Zy-charge of an arbitrary variable C, associated
with the positive root a. Next, we will find a relation between the exceptional branes and
the Zo action. According to [1], the exceptional branes, like any other Minkowski brane,
are associated with an imaginary root 7. We will show that the Zs-charge of any C, is
determined by 7; the variable Cy, is Za-even (Zs-odd) when (a|7) is an even (odd) integer.
We will now demonstrate these ideas for various Zs-orbifolds.

3.1 T%/Zsy
We start with the orbifold 7°/Zs. The charge assignments are [9][10]

9ij = Yij 5 1<4,5<5,

Gir — —Gil » 1<i<5, 6<7I<10

g1y — 91J , 6<I1,J<10

Cijk — —Cyjr., 1<i<j<k<5,

Cijk — Cijx, 1<i<j<5b, 6<K<10

Ciyxk — —Cijk, 1<i<h5, 6ZJ<K<10

Cryk — Cryx, 6<I<J<K<I10. (3.1)

Every Cryx (1 <I < J < K <10) and g7y (1 <1 < J <10) is associated with a positive
real root. Using (2.4), we can associate a Zo-charge with every simple root as follows,

Co; = Co; (1 #3), Cas — —Cas -

We say that the Zo-charge of a_1,...,a9,04,...,ag is even and the Zy-charge of ag is
odd. Tt is easy to check that if we require the Zo-charge to be multiplicative (¢(a + ) =
q(a)q(B)), we get all Zo-charge assignments (3.1). The Zo-charge of a generic root o =
S kia; (0 < k; € Z), is therefore (—1)%s.

Now, let us move on to the twisted sector of the orbifold. It consists of 16 M5-branes,
which are associated with the imaginary root

s = (2,2,2,2,2,1,1,1,1,1). (3.2)

We see that the Zs-charge associated with a generic root [ is determined by ¢(8) =
(_1)([3|TMs)_

3.2 T8/Zsy
Now we repeat the calculation for the orbifold T®/Zy. This time the charge assignments
are

9ij = Yij » 1<4,j <2,

Gil = =il I<i<2, 3<1<10

gry — 9giJ 3<1,J<10



Ci2x — —Crak , 3<K <10
Cisk — Ciyk , 1<i<2, 3<J<K<10
Croxk — —Crjk, 3<I<J<K<I10.

Using (2.4), we find that the Zs-charge of a_1,aq,...,a7 is even and the Zo-charge of
ap, ag is odd. The Zg-charge of a generic root o = Y25 | ki (0 < ki € Z) is (—1)koths,

The twisted sector contains 16 M2-branes, which are associated with the imaginary
root

e = (2,2,1,1,1,1,1,1,1,1).
We see that the charge of a generic root ( is again determined by (—1)(5‘”“2).
3.3 S1/Zs

We will now discuss the Hofava -Witten orbifold S'/Zs. Let the S* be in the 10" direction.
According to [7], the Zs acts on the bosonic fields of M-theory as follows

9ij = Yij » 1<4,5<9,

gil0 = —gi10, 1<:i<9,

Cijk — —Cijk 1<i<j<k<9,
Cij10 — Cij10, 1<i<j<9,

The Zs charge of a generic root o = 5% ke (0 < k; € Z) is now defined as (—1)*7.

i=—1
3.4 Type TIA
If we switch the role of the 9" and 10** directions in the S! /Zs orbifold of section 3.3,
and take the limit M,Rip — 0, we get type-IA [8]. The Z3 acts on the bosonic fields of
M-theory as follows
9i9 — —Gi9, Z:18a107

Ciij—Cijk, i,j,kZl...&lO,

Cijo — Cijo, 2,7 =1...8,10.
The Zo-charge of a generic root a = Z?:% kia; (0 < k; € Z) is now defined as (—1)F6tk7,

Now let us analyze the twisted sector. The twisted sector of type-IA consists of 16

D8-branes [39, 8]. The D8-branes span directions 1...8. If formally we lift them back to
M-theory, they correspond to the imaginary root

TD8 = (2a2a2a2a2a2a2a271a4)‘ (33)
The associated mass is [1]

D R ReRl = MR R
M;?leRm_ p 1 80 = e 8 s
where My = MS/QR}(? is the string scale, and g; = (MpR10)3/2 is the string coupling

constant.

,10,



Note that for any root 8 = 218:—1 kia;, we have (B|Tps) = kg — 3k7, and therefore the
Zo-charge of any root can be written as

() = (~1) ).

Of course, any other root of the form 7pg + 2a”, with o’ in the root lattice, will have the
same property. Had we chosen another direction, instead of the 10", on which to reduce
to type-IA, say the 8", we would have gotten another imaginary root, say
TID& = (25 2) 2) 2; 2; 2; 2; 47 1; 2) .
The mass associated with this root is
(The:h)
e\Tps
e = M?R;--- R7R3Ryo.
MBRl"'RlO P 1 74814110

It is interesting to check what the mass of the object associated with 7}, is in string
variables corresponding to the original reduction along the 10*" direction. We get [27]

12 3 Mt 3
M, Ry --- RrRgRyo = gg Ry RiRg,
where we used )
Rio=qr.  My=g, M.

Both 7pg and 7},4 determine the same Za-charge
a(B) = (—=1)Plos) = (—1)(BI7ps)

So what distinguishes 7},s? The answer seems to be that the particular choice of simple
roots (2.4) implies a particular asymptotic region (2.7) of h-space, and the reduction to
type-IA on the 8" direction is less favorable than the reduction on the 10

3.5 T°/7s
Now we repeat the calculation for the orbifold 79 /Zy. This time the charge assignments
are
g — —gir, 2<I<10
915 = 917 2<I1,J<10
Cik — —Cuk, 2<J<K<10
Cryk — Cryg, 2<I<J<K<10.

Using (2.4), we find that the Zg-charge of «ayg,...,as is even and the Zg-charge of «_; is
odd. The Zy charge of a generic root a = 35| ko (0 < k; € Z) is (—1)F1.
The twisted sector contains KK-particles, which are associated with the imaginary
root
T =(0,1,1,1,1,1,1,1,1,1).

We see that the charge of a generic root 3 is again determined by (—1)(8I7kK),

— 11 —



3.6 T/Z,

For the last example, we take the orbifold 74/Z,. The charge assignments are

9ij = 9ij » 1<4,j <6,

il = —Gil 1<i<6, 7<I<I10

grg — 917, 7<I,J<10

Cijk — Cijk 1<i<j<k<6,
Cijk — —Cijk , 1<i<j<6, 7T<K<I10
Cisk — Cik, 1<i<6, 7T<J<K<I10
Crk — —Cuk, 7T<I<J<K<I10.

Using (2.4), we find that the Zs-charge of a_1,...,as,as,..., a7 is even and the Zy-charge
of oy, ag is odd. The Zy-charge of a generic root o = Y25 ki (0 < k; € Z) is (—1)ka+hs,

The twisted sectors contain KK-monopoles which are associated with the imaginary
roots

TKKM = (2a 2a 2a 2a 2a 2a 1a 17 1a 3) )
or any of the permutations
(2,2,2,2,2,2,1,1,3,1),  (2,2,2,2,2,2,1,3,1,1), (2,2,2,2,2,2,3,1,1,1).

(They are all equal mod 2.) We see that the charge of a generic root § is again determined
by

(_1)(/8|TKKM) i
3.7 Summary

The branes of the twisted sector in a Zy orbifold of T19 correspond to a positive isotropic
imaginary root 7 such that the Zs-charge of any root 3 is given by

g(8) = (1)) (3.4)

4. The untwisted sector and DFEg

We will now study in more detail the subalgebra of F1y that consists of all elements with
even Zo-charge.

4.1 Definition of g(in")

For each of the Zs-orbifolds above, we define the “untwisted” sector gi™) as the Lie
subalgebra of Fqg generated by all the F1y generators that correspond to roots with even
charge. In particular, the Cartan subalgebra h(E19) C Eyp is contained in g™ since its
generators correspond to the root 0.

— 12 —



DEyg
Y7 8

T-1 7% Y1 72 Y3 Y4 V5 V6

Figure 2: The Dynkin diagram of DFEjy.

In section 3.7, we observed that the Zo-orbifold is associated with a positive prime
isotropic imaginary root 7, and the Zs-even roots « are precisely those with even (7).
We define the subset of even roots

A(inv)::{a €A: (alr) =0 mod 2}, A A (4.1)
and the sublattice
Q(inv)::{a €Q: (ajr)=0 mod 2}, Q(iHV) cqQ. (4.2)

We proceed to study the subalgebras g(™). Since all positive prime isotropic imaginary
roots 7 are W-equivalent, all gi™) algebras are isomorphic. It is therefore sufficient to
concentrate on one particular orbifold, say T° x (T°/Zs).

We will demonstrate that g(in") contains a proper subalgebra that is isomorphic to
DE)o. Here “proper” means that g(™) is actually bigger than DEg, as we will demon-
strate in section 4.3. These observations have also been made, independently, in [21].

4.2 The Kac-Moody algebra DFE;,

We begin with the salient features of the hyperbolic Kac-Moody algebra D E1g. The Dynkin
diagram is given in figure 2.

We have the Cartan matrix:

2-10 00 0 0 0 0 O
-12 -10 0 0 0 0 0 O
0-12-10 0 0 0-10
0 0O-12-100 0 00
A(DEyg) = 0 0 0-12-100 00
0 0 00-12-1000
0 000 0-12-10 -1
0 0 000 0-12 00
0 0O-10 0 0 0 0 2 0
0 0o 0600 0-10 0 2
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Its inverse is

0 -1-2-2-2-2-2-1-1-1
—1 -2 -4 -4 -4 -4-4-2-2-2
-2 -4-6-6-6-6-6-3-3-3
-2-4-6-5-5-5-5-2-3-2
—2 -4 -6 -5 -4 -4 —4-2 -3 -2
A(DEy) ! = 5 5 (4.3)
-2-4-6-5-4-3-3-3-3-3
—2 -4 -6 -5 -4-3-2-1-3 -1
5 3 3 1
-1-2-3-3-2-3-10 -3-1
-1-2-3-3-3-3-3-3-1-3
5 3 1 3
-1-2-3-3-2-3-1-1-30

The rows of the above matrix are the fundamental weights A; (it =-1,...,8). They satisfy
(Ailyj) =6, dj=—1,...,10. (4.4)

The sum of the simple weights is (referring to figure 2),

8

p(DE1g) = > Aj = —14y_1 — 2970 — 4571 — 4072 — 3673 — 3374 — 3175 — 1576 — 2277 — 1575 .
i=—1
(4.5)

We denote the root space decomposition of DFE1y by

DEw= @ 9(DEw)a, 9(DEw)a:={z € DEy: [ha]=(a,h)z Vh e h(DEy)}.
aeA(DElo)
(4.6)

We will also need the notation of the dual basis vY;,...,~y, which is a basis of the
Cartan subalgebra h(DE1p) such that

<71\/’7j>:A(DE10)Z]7 7’7‘7:717a8

We denote by P(DEj) C h(DEo)" the weight lattice

8
P(DEy):={A € h(DEy)": (Ala) €Z Va € QDEy)}= > ZA; (4.7)

=1
4.3 The subgroup DEj C g™

We will now show that g(in") contains a subgroup DFEg. For concreteness, we will refer to
the T°/Zy orbifold (discussed in section 3.1). First, we look for a basis of Q™) (defined
n (4.2)) that is comprised of real roots. The Zy-charge is determined by k3 (mod 2), so
all simple roots a_1,...,ag except as belong to Q™). Let us find another real root of
F1p that completes these 9 simple roots to a basis of Q™). We need a root with an even
coefficient of k3, and it is not hard to check that

& =g+ 2a3 + 204 + 205 + g + g — (0,0,0,1,1,0,0,0,0,1)

— 14 —



DE
Q2 Qasg

a1 o9 a1 € ar ag as o4

Figure 3: The Dynkin diagram of the Zs-invariant subalgebra DE1g C E1¢ that is associated with
the T°/Zs orbifold.

is the minimal root with this property. Furthermore,

Q™) = Za_ 1 + Zag + Zon + Zas + Loy + Zas + Zag + Zag + Zag + ZE,

and
A(inv) _ Q(inv) NA.
The inner products among the real roots a_1, ag, a1, as, oy, as, ag, ar, ag and £ are
depicted in a Dynkin-like diagram in figure 3.
Comparing to figure 2, we can define an isometry v : hH(DE19)* — h(E10)* by

v(y2) = ¢, v(ys) = ar,
v(yr) = az, v(g) = as, (4.8)

v(y-1) = a1,  v(n) =a, v(n)
v(ya) = ag, v(ys) = a5,  v(ve) =

aq,
Qy,
Using the nondegenerate bilinear forms (-|-) on Ejg and DEjo we can identify h(DFE1)*
with h(DFE1g) and h(E19)" with h(E1g). The map v then defines an isomorphism between
the Cartan subalgebras of F1y and DEjg. We can extend this map to an injective Lie
algebra homomorphism

v : DFEg— g(inv) C Eyo .- (49)

The details can be found in appendix A.

4.4 Comparing DE to g{io)

We have seen in section 4.3 that DE)q is a subalgebra of g()., We will now demonstrate
(inv) s bigger. We note that DEjg has an affine
Dy subalgebra, and we will study the algebras DFE;y and g(™) as representations of Dg.

that it is a proper subalgebra, i.e. g

(Similar observations have been made independently in [21], but based on a Dg rather than
Ds subalgebra.)

Both DFqy and g(in") decompose into irreducible representations of ﬁg. The complete
decomposition is unknown. It is, however, possible to calculate the number of times that
any representation of Bg with affine-level k = 1 or 2 appears in DF1g and in Fqg.

Recall that affine Dg ~ §0(16) is the Lie algebra with generators J%, K, Ly [where
n€Zand a=1,...,120 = dimso(16)] and commutation relations [40]

s ] = " T+ 10, 0K, K T = [K, Lol =0, [Lo, Ju] = —nJy,
(4.10)
where f?, are the structure constants of s0(16) in a basis where the Killing form is §%°.
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Y7 8

Yo 1 Y2 V3 Y4 V5 V6

Figure 4: The Dynkin diagram of the Dy subalgebra.

Looking at the Dynkin diagram of DF1q (figure 2), we see that if we drop the node
~v—1, we get the Dynkin diagram of Dg (figure 4). Define the DFEjp-root

=y +2n+272+ 23+ 20+ 2+ % + 7 + s

Then the 138 C DEjg subalgebra can be defined as the sum of the root spaces g(DE1g)q
that correspond to roots of the form a = ZS k;7v;. This can also be written as,

Dy ~ D s(DEw)..
(al8)=0

In particular h(DFEjg) C Ds. The elements YY1y, which form a basis for h(DEj),
are identified with the following generators of Dg [25]: 7', ...,~¢ are identified with appro-
priate linear combinations of the J§’s that span the Cartan subalgebra of Dyg; the element

5\/::73 +27f +2’va +27§/ +2’y){ +275V +78/ +’y7v +’ygv,

is identified with K, and 7Y, is identified with Ly.
Furthermore, for any positive integer k, the subspace of all level-k root-spaces,

(DE1w)y:= P 9(DE0)a (4.11)
(a|d)=k

is a representation of l/js of affine-level k (i.e. the central element K of 138 is constant
on (DEg)p with value k). The weights of this representation are bounded from above,
since only negative roots « appear in (4.11). We need the decomposition of (DE1g)
into irreducible representations of Dg. There is a standard method to find this decomposi-
tion [41]-[43] that is also nicely explained in [44].

First, recall that an irreducible highest-weight representation of Dyg ~ 50(16) is defined
by the highest-weight A. This weight A is a 10-dimensional vector and can naturally be
identified with an element of h(DEo)*, since h(DE1g) = f)(ﬁg). A is a linear combination
of the fundamental weights A_y, ..., Ag (4.4). This representation is denoted by L(A). It
turns out ([25, section 12]) that

(DE1o)py = L(—y-1) = L(Ro + 29). (4.12)

Here the representation L(/~\0+25) can be realized as the Hilbert space of 16 chiral Majorana
fermions in 141D with anti-periodic boundary conditions [40].
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The decomposition of (DElo)[Q] into irreducible ﬁg representations is a bit more com-
plicated. It can be shown that (DElo)[Q] can be represented as a certain coset of the

anti-symmetric tensor product /\Q(DElo)m = /\QL(KO + 25) Specifically,
A2L(Ag + 26

(DElO)[Q] = # .
L(A1 + 35)

The tensor product /\QL(/N\O + 25) can be decomposed into irreducible ﬁg representations
using the coset construction. The result is

(DE1o) = é COL(A; + (3 -n)d) @ é COVL(As + (1 —n)d) (4.13)
n=0 n=0

where the integer multiplicities C~’T(L1) and 6’7(15) are given by the generating functions

©(q)

oo

~ 1
E CV¢" = — —1=q+2¢° +3¢° +5¢* + 7¢° + 11¢° + 15¢" + - - -,
n=0

o0
~ 1 . ,
> CPgr = m:1+q—|—2q2—0—3q3+5q4+7q5+11q6+15q7—|—---,

n=0
where
e()=[]—q™ =D ()" (2" Vg C) = 1—q— P+ "+ ¢ — ¢ — ¢+ -+,
m=1 n=1

The generating function 1/¢(q) is the character of a Virasoro representation with central
charge ¢ = 1 (a free boson). It appears in this context because the coset construction
$0(2n)1 ®50(2n)1/50(2n)2 has central charge ¢ = 1. We have also used a theorem from [42]
which states that for an affine Lie algebra of type ADE with “odd exponents” (see [25, see
section 14.1] for a definition), if a highest-weight representation L(M) appears in A2L(A),
for A € PT of level-1, then ht(2A — M) must be odd (where ht is the “height” of the
root, i.e. the sum of the coefficients in the root’s decomposition into simple roots). Note
that this theorem applies to both Fg and l/jg. For more details on the relevant $0(2n); ®
$0(2n)1/60(2n)2 coset construction, see [40, 42], [45]-[48].
To compare DE1g to g(inv) C FEnp, we first define

d:=ap + 201 + 3ag + 4ag + bay + 6as + dag + 27 + 3ag € A(Eqg), (4.14)
and
(Ew)p= P 9(Eio)a- (4.15)
(a]d)=k

We then define
(g(mv))[k]::g(mV) N (Elo)[k] .

Since v(y-1) = a—1 (see (4.8)) and v(d) = 4, every level-k root of DEjy (with respect to

9) is also a level-k root of E1o with respect to 6. We therefore have
3((DE10)pyy) € (8™

where 0 was defined in (4.9).
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Eyp has an Ey (affine Eg) subalgebra that corresponds to the nodes aq,...,ag in
figure 1, and (Elo)[k] is an Fy-representation. (g(in"))[k], on the other hand, is not an
Ey-representation, since Fg contains Ze-odd generators. However, the direct sum of the
Zo-even root spaces of Eg is isomorphic to ﬁg. Thus, (g(in"))[k] is a ﬁg—representation. In
order to complete the comparison of DE1y to gi™) at low levels, we need to know how
(g(in"))[k] decomposes into irreducible representations of ﬁg. We can do this by decompos-
ing (Elo)[k] into irreducible representations of Eg, then decomposing these representations
under f)(ﬁg) C Eg, and then intersecting with g(in").

The embedding ﬁg ~ 'D(ﬁg) C Fjy is easy to describe. It is the extension of the minimal
embedding s0(16) C Fs (under which the adjoint representation 248 of Eg decomposes as
the sum of the adjoint 120 and one of the spinor 128 representations of s0(16)) to affine
algebras.

The decomposition of (E1g) at level k = 1,2 was calculated in [41]-[43] (and was

extended to k = 3 in [44], but we will not use this result here). It is given by

(Ero)p) = L(—a—1) = L(Ao +26), (4.16)

and -
(Er) ~ P enL(A1 + (3 = n)é) (4.17)

n=0

with the generating function

g =TT+ g — 1= 294 _
nz:ocnq 7711;[1(1+q> 1—¢(q) 1.

To compare with (4.12) and (4.13), we need to decompose (4.16) and (4.17) under Dg C Eq.
For level-1 we have

L(Ag + 26) ~ L(Ay + 26) & L(Ag + 26). (4.18)

Note that on the left-hand side we have an irreducible representation of Eg, and on the
right-hand side we have irreducible representations of 138. To complete the calculation of
(g(inv))m we must intersect (4.18) with g™,

From (4.3) we find

—A1 = 2y_1 + 4o + 671 + 672 + 63 + 674 + 675 + 376 + 377 + 378,
—A5 = 2y_1 + 40 + 671 + 52 + 43 + 374 + 295 + 96 + 37 + s,

< 5 3 3.1
—Ae =7-1+ 2%+ 37+ 52 2%+ ot s o+ s

(We have also listed As, which will be needed later on.) Since
—U(Kﬁ) = a_1 + 200 + 3a1 + 4ag + Sas + Hay + 6as + dag + 207 + 3o

is a Zg-odd level-1 root, all the weights of the module L(1~\6 + 25) map, under v, to Zs-odd
roots of Ejg. the intersection gi™) N L(Ag 4+ 26) therefore leaves only L(A; + 25), and thus

(DE10)p; = (8™ -
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There is another way to arrive at this result. Recall that L(Ag + 2J) can be realized as
the Hilbert space of 16 141D chiral Majorana fermions with either all periodic or all anti-
periodic boundary conditions [49]. According to [40], 16 Majorana fermions also realize
§0(16). The representation L(A;+28) corresponds to the sector with anti-periodic boundary
conditions and odd fermion number, and the representation L(A6 + 25) corresponds to the
sector with periodic boundary conditions. It is not hard to check that the Zo-charge is +
or — according to whether the boundary conditions are anti-periodic or periodic. Thus,

(g(inv))[l] ~ L(1~\1 + 26) ~ (DEvo)q -

At level-2 such an equality will no longer hold.
The decomposition under Dg of the Zo-invariant part of the level-2 Eg representations
that appear in (4.17) is given by

L(Ay 4 36)) ~ EBC“ LA+ (3—m)b @@0<5 (As+ (3—m)d)  (4.19)

m=0
with
oo o0 2 00 %) 2
Cr(Ll),qn _ 14+ qn _ 4,0((] )7 C7(L5)’qn _ 14q q‘P(q ) )
2 Hosm =5 2 110+ =755

These expressions can be derived from the coset construction (Eg)g=o/ (ﬁg)kzg which has
central charge ¢ = %
Combining (4.17) with (4.19) we obtain

o0 o0
(@) ~ P LA + (3—n)d) & P CPL(As + (3 — n)d) (4.20)
n=0 n=0
with
e} o0 o0
doMgr=TJa+¢?-J[a+q¢
n=0 n=1 n=1
=q+2¢* +4¢* +7¢* +11¢° + 18¢° +27¢" + - --
e} o o0
> cPgr = q[H(l +q")? -]+ q")}
n=0 n=1 n=1
= ¢* +2¢° +4¢* +7¢° + 11¢° + 18¢" +27¢% + - -
Now we can compare (4.20) to (4.13). We have
. 0 ~ ~ g ~ ~
(@) 1/ (DEw)z) ~ @ ACVL(Ay + (3 —n)d) & @ ACPL(As + (2 — n)d)
n=0 n=0
with
ZAOU H(1+q")2—H(1+q”)—H(1—q")*1+1
n=1 n=1 n=1
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=@ +2t 4 + 75 +12¢" + - -

dacPe = J[a+¢)-JJa+¢)—aJJO -
n=0 n=1 n=1 n=1

= ¢* +2¢° +4¢" + 6¢° + 11¢° + 16¢" + 25¢° + - --

We see that g(in") is strictly bigger than DFE1g at level 2. For example, the DFE1g and g(in")
multiplicities of the F1g root

—’U(Kl) = 201 + 4ag + 61 + 9as + 12a3 + 1504 + 18as + 120 + 67 + 9ag
— (2,2,2,3,3,3,3,3,3,3)

are 711 and 727, respectively. To calculate these multiplicities, one needs to know the
multiplicities of A; in L(A; 4 (3 — n)d) for n = 1,2,3, and also the multiplicities of A; in
L(As 4+ (2 —n)d) for n =0,1,2. These can be found for example in [50] and are given by

> “mult(Ay + (3 —n)d in L(Ay +35))¢" =
=14 27q + 362¢> + 3377¢> + 24831¢™* + 153635¢° + - - -
> “mult(Ay + (3 - n)d in L(As +0))q" =
= 15¢% + 277¢° + 2917¢" + 22740¢° + - - -
At the next order, the DFE1g and g(i“") multiplicities of the Fqg root

v(d — Kl) = 201 + bag + 8ag + 1209 + 16as + 200y + 245 + 16a6 + 8arr + 12ag
- (27 37 37 47 47 47 47 47 47 4)

are 7411 and 7747, respectively.

5. The Kac-Moody algebra DFEg)

In section 4 we studied the “untwisted sectors” of the Eqg Zs-orbifolds. We defined g(inv)
and discovered that the hyperbolic Kac-Moody algebra DFE1q is contained in it. On phys-
ical grounds, we know that there should also be “twisted sectors” associated with the 16
additional objects (exceptional branes) that are present in the M-theory compactification
on T'/Zy. In this section we will see that both twisted and untwisted sectors are unified
inside a bigger structure — a coset of the Kac-Moody algebra DFEgq)-

This algebra, that will be defined in section 5.3 below, contains a natural so(16) subal-
gebra. We will see that this number 16 is directly related to the existence of 16 exceptional
branes. We will propose that the decomposition of DFE;g(1g) into irreducible representa-
tions of 50(16) has a physical meaning in terms of the Zs-orbifold of M-theory on 70 as
follows. The entire “untwisted” sector is related to elements of DFE'g(1g) that are in singlet
representations 1 of s0(16) (i.e. commute with so(16)). Physical modes that are related
to a single exceptional brane correspond to elements of DFEyg(1g) that fall into the funda-
mental representation 16 of s0(16). Physical modes that are related to pairs of exceptional
branes correspond to elements of DFE1g(1q) that fall into either the anti-symmetric tensor
representation 120 or the traceless symmetric tensor representation 135, and so on.
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5.1 Basic Properties of DF'g

The Zs-orbifolds that we are studying are dual to heterotic string theory compactified on

T?. As argued in [51], s0(24,8,R) is the relevant Lie algebra for heterotic string theory on
T7. The Dynkin diagram of the complexified Lie algebra is D1g. The extension to heterotic

string theory on T® is the affine 50(24, 8, R) ([17)-[19] and references therein). The extension

to heterotic string theory on T is naturally achieved by adding one more node. There are,

of course, many ways to add a node to a given Dynkin diagram, but it turns out that the

right one is the Dynkin diagram D F1g. The relation between these three Dynkin diagrams

is depicted in figure 5.

5.2 The Cartan matrix

The Cartan matrix for DFE1g with respect to the basis 5_1,...

2 -1
-1 2 -1
-1 2 -1 -1
-1 2 -1
-1 2 -1
-1 2 -1
-1 2 -1
-1 2 -1
-1 2 -1
Arg = _1 9
-1 2 -1
-1 2 -1
-1 2 -1
-1 2 -1

-1 2 -1

-1 2

-1

-1

The determinant is
det A1g = —4,

— 21 —

, B16 is given by

-1 -1
2

(5.1)



and the inverse Cartan matrix A1_81 is given by,

0-1-2-2-2-2-2-2-2-1-2-2-2-2-2-2-1-1
—1-2-4-4-4—-4-4-4-4-2-4-4-4-4-4-4-2-2
-2-4-6-6-6—-6-6-6-6-3-6-6-6-6-6-6-3—3
-2-4-6-5-5-5-5-5-5-3-5-5-5-5-5-5-3-2
—2 -4 —6 —5 -4 —4 -4 -4 —4 -3 -4 -4 —4-4—4-4-2 -2
-2-4-6-5-4-3-3-3-3-3-3-3-3-3-3-3-3-3
-2-4-6-5-4-3-2-2-2-3-2-2-2-2-2-2-1-1
-2-4-6-5-4-3-2-1-1-3-1-1-1-1-1-1-3-1
-2-4-6-5-4-3-2-1 0-3 0 0 0 0 0 0 0 0
-1-2-3-3-3-3-3-3-3-1-3-3-3-3-3-3-3-3
-2-4-6-5-4-3-2-1 0-3 1 1 1 1 11 3§ 1
-2-4-6-5-4-3-2-1 0-3 1 2 2 2 2 2 1 1
-2-4-6-5-4-3-2-1 0-3 1 2 3 3 3 3 3 3
—2-4-6-5-4-3-2-1 0-3 1 2 3 4 4 4 2 2
-2-4-6-5-4-3-2-1 0-3 1 2 3 4 5 5 5 2
-2-4-6-5-4-3-2-1 0-3 1 2 3 4 5 6 3 3
12332814 0.3 b 1§ 25 s 2
d2s-feda-b o b1 g2 fos g2

The rows of A1_81 will be useful to us as follows. Define the fundamental weights 1~\; €
h*(DEs) (1 = —1,...16) to satsify

<A;76j>:5ija i,7=-—1,...,16.

Then /N\; can be explicitly written as a linear combination of the simple roots §8; (j =
—1,...,16) with coefficents given by the i*" row of (Ag)~'.

5.3 The real form DFEg(q

We need a certain real form of the complexified Lie algebra DE1g. The real form is defined
by the Tits-Satake diagram — a choice of “black” and “white” nodes on the Dynkin
diagram, as depicted in figure 6.

It corresponds to a choice of anti-linear involution on the complexified Lie algebra
DE;g, given by its action on the Chevalley generators that can be constructed as follows [52]
(see also [53] for a comprehensive discussion).

First, we construct a linear involution w* on h(DFE1g)* that preserves the Killing form
(). Tt is defined by its action on the simple roots

w(B;) =p; fori=-1,...6andi=8

i=1

w*(B) = —p; fori=9,...16.

6
w*(B7) = Pr+2 (Z 58+z‘> + 515 + Bie

In general, w* is determined by the requirement that:
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JeR B16

B_1 B0 B B2 B3 Bs Bs Bs Br Bo Bio i1 Piz Bi3 Bua Bis

Dig C DEyg
B8 B16

Bo Br B2 B3 Ba Bs Bs Br Bo Fio Fi1 P2 B3 Bua Bis

Dy C Dyg
Os Bie

B1 Bo B3 Ba Bs Bo Br Bo Bio P P2 Pz Pia Bis

Figure 5: The Dynkin diagram of DFE1g and its subdiagrams f)lg and Dqg.

DEga10
JeR Bis

—e
B_1Bo B B2 B3 Ba Bs Bs Br Bo Bio Bir Biz P13 Pua Pis

Figure 6: The Dynkin diagram of the real form DFE;g(19) of DEjs. The black and white nodes
determine the real form.

e w* preserves the bilinear form (-|-);
o W*(8;) = —p; for every “black” simple root (3;;

e For every “white” simple root §;, we require w*(8;) — 5; to be a linear combination
of the “black” simple roots only.

Now that we have w* we can construct an anti-linear involution w on the Lie algebra
DE;g itself. We pick a set of Chevalley generators h;,e;, f; (i = —1,...,16) such that
h; € h(DEs), e; generates the root space of «;, and f; generates the root space of —ay,
and [25],
lei, fi] = hi [hi, ei] = 2e;, (hi, fi] = —2fi.

Now note that w*(3;) is a real root for ¢ = —1,...,16. Its root space is therefore 1-
dimensional, and a generator of this root space is uniquely determined, up to a multiplica-
tive constant. We can now define the anti-linear involution w in such a way that

w(ei) S g(DEIS)w*(ﬁi) .
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Ei C DEss Dg C DEqg(10)
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B-1 B0 B B2 B3 Ba Bs Bs Pr By Bio Pi1 Bz Biz Bia Pis

Figure 7: We split the Dynkin diagram of figure 6 into two sub-diagrams. The Dynkin sub-
diagrams are Fjg and Dg.

In particular, we can take w(e;) = —f; and w(f;) = —e; fori =9,...,16. Fori = —1,...,6,8
we can take w(e;) = e; and w(f;) = fi, and w(e7) has to be chosen as a generator of the root
space of w*(f7). This determines the action of w on h(DEs), and the requirement that
[w(er),w(f7)] = w(hy) then determines the normalization of w(f7). The real Lie algebra
DE\g(10) is then defined as the invariant subalgebra

DEg10y:={r € DE13: w(x)=w}.

Note that
h_1,...,hg,hg,thg, ..., thig € DE18(10) .

5.4 The Subalgebras DEj, and so(16)

We will now define two more subalgebras of DF1g(10). First note that the “black” nodes in
the DE\g(1p) Dynkin diagram (figure 6) define a subalgebra isomorphic to so(16) and the
“white” nodes define a subalgebra isomorphic to F1y. This is depicted in figure 7. Note
that E1g is only a subalgebra of the complexified DE1sg, but s0(16) C D E\g(10)- These two
subalgebras intersect trivially, but they do not commute with each other, because the node
B7 of Eyg is connected to the node [y of s0(16). We denote the commutant of so(16) by

g™ = {2 € DEyg10): [w,5] =0 Vy € 50(16) C DEyg(10)} -
Proposition 5.1. g™ contains a DE1q subalgebra.

Proof. We begin with the complexified algebra. Recall the root-space decomposition

DEg= B 9(DEis)a-
QGA(DElg)

Note that the subspaces g(DE18)+a, for @« = 8_1,..., 86, Os, commute with so(16). Now
define

X = (Bs +207) + (289 + 20610 + 2611 + 2612 + 2613 + 2014 + Bis + Pis) - (5.2)

Note that the involution w* defined in section 5.3 satisfies w*(x) = x. This implies that
the coroot xV is in the real DE1g(10)-

Since x is a root of a finite Do subalgebra (corresponding to the Dynkin sub-diagram
that includes only the nodes G, 87, 89, - - - , B16), dim g(DE1g)+y = 1. It is not hard to see
that the elements of g(DFE1g)+, commute with s0(16) (they can be embedded in s0(20) D
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g, ~ DE10

B8 X

B_1Bo B B2 B3 Ba Bs B

Figure 8: The Dynkin diagram of the subalgebra g’ C DFE}s.

50(16)). Consider the set of positive real roots S_1,..., [, s, x. These roots all square
to 2, and their intersection matrix is encoded in the Dynkin diagram of figure 8. This is
again the Dynkin diagram of DFEjy. The rest of the proof is technical and can be found in
appendix B.

By now, we have defined three different algebras that contain DF1g: the Zs-invariant
subalgebra g(™) c Ey, the 50(16)-commutant subalgebra g(©™) © DFEs, and the abstract
DEq algebra. We need a way to relate them to each other. The embedding of DFE1g in
Ep sends the Cartan subalgebra h(DF1g) to the Cartan subalgebra h(F1p). It thus induces
a linear isomorphism between the Cartan subalgebra h(DFE7g) and h(Eqg). Similarly, the
embedding of DEjg in DEg induces a linear map from h(DE1g) to h(DE;g). Since these
maps are going to be important later on, we will now describe them in more detail.

Comparing the Dynkin diagram of figure 2 to that of figure 8, we define a map o from
h(DE1p)" to h(DE1g)" that sends the simple roots of DEjq to roots of DEjg and preserves
their inner products. It acts on the generators as follows:

o(v-1) =B-1, o) =0, on)=05, on) =7k, o) =0,
o(va) = b, o(vs) =Ps, o) =06, olv)=70p, o) =x (53

o is the unique injective map that is compatible with the bilinear forms (-|-) on DE1 and
DE1g and satisfies

16

0=(c(e)]B), for a€h(DEy)" and B €Y CB; = bh(Dig)".
3=9

Now we will define a map from h(DFE13)* to h(DE1g)*. Given 8 € h(DFE1g)* we first take

its projection to the image of ¢, and, using o', we identify this projection with an element

of h(DE1p)*. Thus, we define a linear map @’ : h(DFE15)" — h(DE1o)", that satisfies
16
woo=1, @(B)=0 for e CB =h(Dy)"
=9
Explicitly, @’ can be defined by
@' (B-1) = v-1, @'(Bo) =, @(B)=m, @)=, @)=,

@' (Bs) =, @(Bs)=7, @B)=2%, @) =%, @)=,
@'(fy) = @'(B10) = -+ = @' (B16) = 0. (5.4)
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Finally, we need a map from h(DE1g)" back to h(F19)*. Using (4.8), we define w :
h(DE1s)” — h(Eio)" by

/
w.=vow .

Explicitly, w can be defined by

w(Bo1) = a1, w(f) =, @w(Bi)=0a1, w(f)=E§, w(B)=ar,
B1) = ag, w(fs)=as5, @w(B)=oa, w(x)=oas, w(b)=oa,

(
@(By) = w(Bio) =+ = w(big) = 0. (5.5)

Using (5.5) and (5.2), we get

1 1
w(Br) = 5(“()() —w(fs)) = 5((18 —ay). (5.6)
Given a root 3 € A(DFE1g) C h(DE1g)" we define its physical action by,
1(8)=2mel=O) (57)

where h € h(F10) is a linear function of the log’s of the compactification radii, as defined
in (2.6). We will also denote by

0:h(Dg)" — h(DE)" (5.8)

the linear map that sends the simple roots o, ..., 816 of Dg to the simple roots Jo, ..., (16
of DElg.

The linear maps that we have defined so far are collected in the following line
’ -1
b(Ds)" = h(DE1)" > h(DEw)" 5 h(Ew)” “— h(DEw)" S h(DE)" @ =vow'.

(Note that this is not an exact sequence!)

We note the analogous statements for M-theory on T®. If we replace M-theory on
T with M-theory on T®, we have to replace DE;g(109y with s0(24,8), and DEjo with
50(8,8). The F19g C DE1g would be analogous to Ag = sl(9,R), which is the subalgebra
corresponding to the “white” nodes of the Dynkin diagram of D).

It is interesting to compare g™ to g(c™) since both contain a DE;y subalgebra,
and both have h(DEj) as a maximal abelian subalgebra. Both g and g(©m) have a
root-space decomposition with respect to h(DFE1g) and the root-spaces of both algebras are
identical to A(DEhy).

It turns out that g(®°™) is strictly bigger than DFEjg, and this can be seen already
at level-1, namely, some multiplicities of level-1 roots of g("™) are smaller than the corre-
sponding g(¢©™) multiplicities. The question of whether g(¢®™ contains g™ or not will be

studied in another paper.
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5.5 The maximal compact subalgebra ¢(DFEg(10))

We need to define a “maximal compact subalgebra” ¢(DE;g.10)) C DEjg10)- (If we replace
T with T8, for comparison, € will become s0(24) x s0(8).) To define the maximal compact
subalgebra, we first define the compact involution w. on DEjg(1¢) as follows. We define it
on the Chevalley generators (see section 5.3) by

wc(hz-) = —hi, wc(ei) = fi7 wc(fi) =€, fori=—1...16.

We then define
t(DEg(10)) = {z € DE1g10): welz) = }.

Note that
ihj, e; + fj, i(ej — f]) € E(DElg(lo)) for j =9,...,16.

These generators generate a real orthogonal subalgebra so(16) C €(DEjg0)). In gen-
eral, little is known about such “maximal compact” subalgebras of infinite dimensional
Kac-Moody algebras (but see [54] for a recent study of £(Fg)). The physical degrees of
freedom of M-theory on T'°/Zy are presumed to be related to the coset of Lie algebras

DEg(10)/¢(DE1s(10))-

6. The twisted sector

We are now ready to discuss the twisted sector of the orbifold. As in section 4, we restrict
attention to the orbifold T° x (T°/Zs) from section 3.1. The twisted sector consists of 16
M>5-branes which support fluxes and particle charges. Boundaries of M2-branes attached
to the M5-branes are the origin for these charges. Experience with E1y suggests that fluxes
are related to real roots and particle charges are related to imaginary (isotropic) roots
of the Kac-Moody algebra. We would like to extend this type of relation to the twisted
sectors.

We have seen in section 5.4 that DF1g has a Dg ~ s0(16) subalgebra. This number
16 that appears in s0(16) is directly related to the 16 Mb-branes as follows. The Lie
algebra DFE1g can be decomposed into (an infinite number of) irreducible representations
of 50(16) C DE1g. We will propose below that the twisted sector fluxes and charges can be
matched with such irreducible so(16) representations.

6.1 s0(16)-packs
In section 5.4 we identified a DEjg C DE;g subalgebra. The Cartan subalgebra h(DE1q)
is identified with

CBYy +CPy +CBY + CP; + CBy + CBy + T’ + CB + Chg +Cx”,

(where 3Y (i = —1...16) are the simple coroots, and x" is the coroot dual to x). It
commutes with s0(16) and is isomorphic to C!°. We can therefore decompose DE1g under
its h(DE1) @ s0(16) subalgebra. The irreducible representations of h(DFE1g) @ s0(16) that
appear in this decomposition will be called so(16)-packs.

,27,



It is slightly more convenient to work with h(FE1g) rather than h(DFE1). We switch
to h(F1p) using the map v : h(DE)* — h(FE1)* defined in (4.8). We now have the
decomposition

DEg = @Q;\ , where X labels irreps of s0(16) & w*(h(E1)). (6.1)
by

Here w is the map from (5.5) that allows us to translate an Ejy root to a DEjg root.

An irreducible representation of w*(h(E1g)) =~ h(E10) is 1-dimensional and is labeled
by an element A € h(E19)*. Moreover, if 3 € A(DFEig) then @w'(3) € P(DEy), where
P(DE) was defined in (4.7), and @’ is the map from (5.4). The irreducible representations
of 50(16) ® w*(h(F10)) that appear in (6.1) are therefore labeled by a pair

A=(\1), where A € v(P(DEqg)), and r is an irrep of 50(16).

We call such a pair an s0(16)-pack. The weight A\ will eventually describe the dependence
of the physical object associated with X on the radii Ri,..., Rio, and r will determine the
object’s relation to the 16 M5-branes.

The representations r are all finite. They are completely determined by their lowest (Qr
highest) Dg weight A€ P(Dg). Let x € g5 C DEg be a vector with Dg lowest-weight A.
Then « belongs to a single root-space (DE;g)g, and the root 5 of DFE1g can be calculated
as follows: ~

B=0c(\)+od).
(See (5.3) and (5.8) for the definitions of the linear maps ¢ and p.) Alternatively, if the
DFEhg-root 3 is given, then the 50(16)—represen’5ation of which z is a lowest-weight vector

can be found by calculating the lowest weight A:

For /:\ to be a lowest-weight vector, it must satisfy
0> (o(M)|B;), j=09,...,16.

We denote the fundamental weights of Dg by Ag, ..., Ajg € P(Dsg). This notation is com-
patible with the simple roots of Dg that we take to be (q, ..., (16-
Now take v to be a DFEjg-root with support only on the white nodes of figure 6,

8

y=> kifi.

i=—1

Take an element € g(DEig), and complete it to an so(16) representation by acting
on it with all possible combinations of the Chevalley generators eg, f9, ho, ..., €16, f16, P16
(that generate so(16) C DEjg). This is denoted by U(so(16))x, where U(so(16)) is the
universal enveloping algebra of s0(16). It is easy to check that (v|3;) = (—kzAg|f;) for all
the simple roots §; (j = 9,...,16) of s0(16). Without loss of generality, suppose k7 > 0.
Then [fj,7] = 0for j =9,...,16 and therefore U(s0(16))z is a lowest-weight representation
with lowest-weight —k7Ay.
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Proposition 6.1. Let v = Z?z_lkzﬂi be a root of DE1g and let 0 # = € g,. Then

U(so(16))x ~ Lso(w)(|k7\/:\9) where L1 (A) is the irreducible so(16)-representation with
highest-weight A In particular,

a. If k7 =0, then U(so(16))x is equivalent to the 1-dimensional singlet representation 1.

b. If k; = £1, then U(so(16))x is equivalent to the 16-dimensional vector representa-
tion 16.

c. If ky = £2, then U(so(16))x is equivalent to the traceless symmetric tensors 135.

The proof can be found in appendix C.

Of course, not all so(16)-packs are of the form described in proposition 6.1. The
support of the root x (from (5.2)), for example, is not restricted to the “white” nodes, and
it is a highest (lowest) weight of a singlet so(16)-representation 1.

6.2 Examples of so(16)-packs

We will now give a few examples of s0(16)-packs. Let A = (\,r) be an so(16)-pack. It is
more convenient to present v(\) instead of A, and it is convenient to write v(\) € h(E19)*
in the basis (2.4) [v was defined in (4.8)]. For small representations r, it is convenient to
present the dimension dimr. Thus, we will present an so(16)-pack as

A= (R1,...,up;dimr), Ay €37, (j=1,...,10). (6.3)

Note that from (2.3) and (5.5)-(5.6) it follows that 72; (j = 1...10) could be integers or
half-integers.

Using proposition 6.1, we can make a list of some real DF1g roots that are so(16)-
lowest-weights. Using (5.5)—(5.6) and (2.4), we can translate the roots to the physical
notation (6.3). We get,

! 1 1111

j Oa0a0a0a0a7a77777777;16
;ﬁﬂ H( 2 2°2°2°2

7

> (

j=5

7

> (

j=A

7

1111
S8 — (00,000, 5,555, 5 1 4
j:3ﬁ]_> <0705070705272a2725 27 6 (6 )

In general, it is obvious that given an so(16)-pack in the form

(n1,n2, N3, N4, N5, NG, N7, N8, N9, N10;T) 5
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we can generate more so(16)-packs by reshuffling ny,...,ns and reshuffling ns, ..., n1g-
That is, for every pair of permutations (o,0’) € S5 x S5,

(no'(l)7 Ng(2)s No(3)s Mo (4)s o (5) s 5407 (1) V5407 (2) s V5407 (3) s T05+07 (4) V5407 (5) I‘),

is also an so0(16)-pack. Physically, S5 x S5, which acts by permuting the radii, is clearly
a symmetry of the problem. Mathematically, S5 x S5 is a subgroup of the Weyl group of
DE;s. It is therefore sufficient — as we will do from now on — to list only one so(16)-pack
from each S5 x S5 multiplet.

The next (g) s0(16)-packs in our examples are S5 X S5 permutations of

7
11111
> 5 L1,=, ===~ 116 ) . .
ﬂ]_)<0a0a0a ) a25272:2727 6> (65)

=2

Finally, we will need the 5 x 5 permutations of

Bo+ 2814202+ B3+ Ba+ B5 + Bs + Br + Bs — (0,1,1,1,1, ————— '16>- (6.6)

7. Physical interpretation

We will now propose a physical interpretation for so(16)-packs. The vector A = (711, ...,

*

710) that appears in (6.3) is an element of h(E19)" and it is therefore natural to examine

the inner product (A, ﬁ), where & is the vector of logs of radii, defined in (2.6).

10
I(V):=2me™ = 2r T (M, R)™
i=1
can be interpreted as an “action.” This definition is consistent with (5.7) with A = w(0)
for any root [ of the so(16)-pack.

The so(16)-representation r that appears in (6.3) can tell us the origin of the physical
object in relation to the 16 Mb-branes. For example, r = 16 suggests that the object is
related to a single M5-brane. Below we will study the physical interpretation of so(16)-
packs in several examples. We will begin with so(16)-packs that can be interpreted as fluxes,
and we will end with more complicated examples that can be interpreted as “charges.”

7.1 Fluxes of the twisted sector

The twisted-sector provides more varieties of fluxes. Consider, for concreteness, the orbifold
T3 x (T°/Zsy) from section 3.1. Let the radii of the T° factor be Ry,..., R5 and the radii
of the (T®/Zs) factor be Ry, ..., Rig. The twisted sector consists of 16 M5-branes [10], and
each M5-brane carries a 54+1D tensor multiplet of N = (2,0) supersymmetry. The bosonic
fields of the tensor multiplet are an anti-self-dual tensor field and 5 scalar fields. The 5
scalar fields can be interpreted as the coordinates of the M5-brane in the 79 /Zs directions.

We will assume that we are in the asymptotic region of “moduli-space,” (2.8). In this
region, the M5-branes are very heavy, and a nonrelativistic limit is a good approximation
in many cases. For example, with k units of momentum in, say, the 6! direction, an
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Mb5-brane has a kinetic energy which, in the nonrelativistic limit (2.8), is

1 E\?
- (). 7.1
2MSR; -+ Rs <R6> (7.1)

We need to measure energy with respect to conformal time, which means an extra factor
of 2r MRy - - - Ryg. Multiplying (7.1) by this factor, we get

R7RsR9 R
o =ML 7.2
e Rg (7-2)
Similarly, we get four more fluxes corresponding to M5-brane momenta in the 7", ... 10"

directions.
The anti-self-dual 3-form field strength Hryx (I =0,...,5) of the tensor multiplet will
give us 10 more possible fluxes, with energies proportional to

TM) RYR3R¢ Ry Rs Ry Ry, - .., mM}) RiRZ Rg R7 Rs Ry Ry, (7.3)
in units of conformal time. We will now relate these fluxes to so(16)-packs.

7.2 s0(16)-packs for Fluxes

Recall that real roots of Ejo are related to fluxes, and the squared action exp(2(a, h)) of
a real root « is the energy stored in the flux, measured in units conjugate to conformal
time [20, 55, 56, 1]. In other words,

o2(ash)

E x Nzgilo
Mp Hj:l R;

is the energy stored in the flux, where N € 7Z is the number of flux units. We will now
extend this formula to the twisted-sectors.

The so(16)-packs from (6.4)-(6.5) should be associated with the fluxes (7.2)-(7.3).
Using (5.6), the flux energy (7.2) can be written as 7k2e2(@(37):h)  We therefore associate
this flux to 37, which is the lowest-weight of the first so(16)-pack in (6.4). Similarly, all
the other so(16)-packs from (6.4) correspond to fluxes of the scalar components of the 16
tensor multiplets.

The roots from (6.5) match the fluxes of the anti-self-dual tensor field (7.3). For
example, B

N?MYR3R2ReR; RsRoRyg = N2e2= (=2 0 F)

Now consider the 5 x 5 so(16)-packs which are S5 x S5 permutations of (6.6). The
so(16)-pack from (6.6) has energy
1N2 M§R2R3R4R5R%O .

E=_
2 Ry

This flux has the following interpretation.
Let X! (I = 5,...,10) be the 5 scalars of the tensor-multiplet on one of the 16
exceptional M5-branes. The indices I = 5,...,10 are chosen to match the directions of

(7.4)

the T°/Zs. Now consider a constant flux 9; X'°. Geometrically, this can be described as an
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exceptional M5-brane that wraps the diagonal of the torus in the 1% and 10" directions.
Note that the M5-brane is a point in the 6%,... 9" directions. The moduli space for
X1 is actually T?/Zs, but for fixed X6,..., X% away from the fixed points of the Zo-
action, T°/Zs looks like an S! fibration (corresponding to, say, the 10" direction) over
T* /75 (corresponding to the 6!, ... 9% directions). The fibration does not preserve the
orientation of the fiber, and therefore winding number (of the exceptional M5-brane) in
the 10" direction is not conserved. This is consistent with the fact that we projected out
the imaginary roots

(1,2,2,2,2,1,1,1,1,21),

which would correspond to an M5-brane wrapping the 27¢, 374 4th 5th and 10" directions.
However, the constant flux 9;X'0 is still allowed. The nonconservation of the winding
number implies that transitions between zero and nonzero 9, X% flux are possible.

The energy of a wrapped brane is

E = M{RyRsRyRs5\/ R? + N2R%, .

In the asymptotic region (2.8), the excess energy stored in the 9; X0 flux can be written
as (7.4), approximately.

The so(16)-packs (6.4)—(6.6), which we discussed so far, correspond to real roots of
DEg. Take (7, for example. It is a lowest weight of an so(16)-pack (so(16) irreducible
representation) that can be decomposed into DF1g weight spaces. The so(16)-pack is
isomorphic to the fundamental representation 16, and, as is easy to check, all its DFEg-
weights can be generated by acting on 37 with simple reflections around Sy, ..., B16. Thus,
all the D FEqg-weights corresponding to this so(16)-pack square to 2 and are therefore real
roots of DEjg. The same statement is true for all the other so(16)-packs from (6.4)-(6.6).
Next, we will discuss so(16)-packs that contain imaginary roots.

7.3 Imaginary roots

An isotropic root « is an imaginary root that squares to zero. We are interested in prime
isotropic roots, i.e. roots that are not a nontrivial integer multiple of another root. Such
roots were found in [1] to correspond to brane charges.

According to [25, proposition 5.7], for any simply-laced Kac-Moody algebra, a root
« is isotropic if and only if it is W-equivalent to an imaginary root 3 such that supp 3
(the set of nodes of the Dynkin diagram whose corresponding simple roots have a nonzero
coefficient in () is a subdiagram of affine type.

We will now apply this to DFE1g. There are two distinct subdiagrams of affine type.
One subdiagram is F9 and the other is ﬁw. 1316 is obtained by dropping the node §_;
(see figure 5), and Ey is obtained by dropping nodes 7, Bg, ..., $16. The positive prime
isotropic root with support in Fg is given by

01 =20-1+460 + 6081+ 502 + 4063 + 3064+ 205 + s + 305 . (7.5)
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Its multiplicity is mult 67 = 8, as in Eg. The positive prime isotropic root with support in
Dy is given by

7 14
Sy=Po+PBs+Pis+Bis+2) Bi+2> B (7.6)
i=1 i=9

Its multiplicity is mult o = 16, as in Dig. Tt follows that §; and dy are not W (DEhg)-
equivalent. Note that

w(51) = 2a_1 + 4ag + 6y + 8ag + 10as + 11ay + 12a5 + 8ag + 4oy + bag = Ty5, (77)

where we used (3.2). Thus, d; corresponds to the charge of an M5-brane from the twisted
sector. But note that d; is a Zg-even root and belongs to the untwisted sector. (There is
of course no contradiction, since §; would correspond to an extra M5-brane parallel to the
already existing 16 M5-branes.) Note also that

w(ﬁg) = ag + 2a1 + 3ag + 4as + bay + 6as + dag + 207 + 3ag =4, (78)

where § was defined in (4.14) and is identified with the charge of a Kaluza-Klein particle
in the 1°¢ direction. It is also a member of the untwisted sector.

In [1], a strategy to understand the meaning of imaginary roots v was to express them
as a sum of real roots, v = a+ /3, and check what happens when both fluxes associated with
a and 3 are present. We will now employ a similar strategy for imaginary so(16)-packs.

The analogs of a, 5 are two real so(16)-packs

A=),  N=0Wr).

The analog of v is an so(16)-pack

N=M\+N;r"), (7.9)

such that the so(16)-representation r” appears in the decomposition of the tensor product
r@r’. If X and N can both be associated with fluxes, A\’ should be associated with an
anomalous charge that is present when the two fluxes overlap. We will now demonstrate
these ideas in explicit examples.

Wess-Zumino interactions. Take

- 33333
N =(21111-=>=>= == 16
<?77772727272?27 >7

(with lowest-weight v = 26_1 + 30y + 461 + 3082 + 303 + 384 + 305 + 206 + B7 + 208 + X),
and split it, as in (7.9), into

A=(2,1,1,0,0,1,1,1,1,1;1),

(With lowest-weight 26_1 + 38y + 461 + 202 + 203 + 204 + 205 + B + x + Qﬁg),
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(with lowest-weight B2+ B3+ B4+ 05+ Gs+ 7). To analyze this configuration of fluxes more
conveniently, we formally reduce from M-theory to type-ITA. For fixed 6", 7t 8th gth 10th
coordinates, we reduce to type-ITA with the 1% circle taken as the M-theory “11%"” di-
rection; the exceptional M5-branes become D4-branes; the A-flux becomes an RR 2-form
field-strength F1 (keeping the same notation for directions as for M-theory), and N cor-
responds to a field-strength Fb3 of the gauge field on the D4-brane. We need to assume
that MpR; < 1 for this reduction, and therefore relax the condition (2.7). Since we are
dealing with discrete charges, however, the final conclusion will be valid in the limit (2.7).

Suppose there are N units of FRR-flux and N’ units of Fps-flux. The Wess-Zumino
interaction A A F' A FRR on the D4-brane world-volume [57, 58] now produces, in the
presence of the A and X fluxes, a background charge for the D4-brane gauge field A. This
charge must be cancelled by NN’ open strings that end on the D4-brane. Elevating back
to M-theory, we see that these strings become open M2-branes with one end on one of the
exceptional M5-branes; the other end could be at one of the 32 Zs fixed-hyperplanes (which
extend in the 1%, ..., 5t" directions and run parallel to the 16 M5-branes). We conclude that
M is associated with the charge of open M2-branes that end on the exceptional M5-branes.
Note that the lowest-weight 7 is an imaginary root of DE1g and it satisfies v2 = 0. In fact,

6

v =23_1+3080+481+3B2+ 303 +3B1+305+ 336+ 367 + 205+ P15+ Bi6+2 Y Bs4y (7.10)
=1

It is not hard to check that ~ is W (D F1g)-equivalent to do from (7.6). Its multiplicity, as
a DFE4g root, is therefore
mult v = mult §, = 16.

We do not know yet what the physical significance of the multiplicity is.

Scalar-field fluxes. Now take the following so(16)-pack
< 1
A//: (2727272727_7§7§7§7§;16>

(with lowest-weight 26_1 + 48y + 681 4+ 5082 + 4083 + 384 + 2065 + B¢ + B7 + 30s), and split
it into

A=(2,1,1,1,1,0,1,1,1,0;1)
(Wlth lowest-weight 26_1 + 380 + 481 + 302 + 303 + 2064 + O5 + 268)7

N = <0, 1,1,1,1, =, =, =, =, = 16)

(with lowest-weight By + 201 + 202 + B3+ Ba+ B5 + B + B7 + Bs). The flux associated with
A is a nonzero first Chern class c1 for the fibration of the circle in the 1%¢ direction over
the T2 that is made of the circles in the 6" and 10* directions. The relevant part of the
metric is

N 2
R? (da:l - %xgdﬂclo) + R2dx? + R3ydx?, .

The flux associated with X’ was discussed after (7.4) and corresponds to N’ = 9; X' Here,
X0 is the 10*" coordinate of one of the exceptional M5-branes.
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Figure 9: The Dynkin diagram of the Zs-invariant subalgebra DE1g C E1¢ that is associated with
the type-TA orbifold.

The effect we are looking for comes from a cubic coupling of the form
~NMJRiRyR3RyR5 X%0, X' = ~NN'MJ R RyR3 R4 R X° | (7.11)

on the Mb-brane world-volume. (The term “cubic” refers to the powers of N and X’s
together.) This term can be inferred by expanding the Nambu-Goto action for an M5-
brane, which in our case reads:

M£R2R:5R4R5 \/Gn +2G1,1001 X190 + G10,10(01 X10)2 =

G110 10

D110 5 x
a0 )

G110 10 < G110 )
- "X+ 06 -
VG ACT

where Gry (I,J =1...,10) is the target-space metric. It is the last term in (7.12) that is
responsible for the cubic term (7.11). The term (7.11) is linear in the field X%, and hence
is a source for that field. We conclude that the so(16)-pack \” is associated with a source

~ MSRyR3RyRs5(\/G11 +

~ M§R2R3R4R5 < G+

X609, x10 4. ) , (7.12)
0

term for X©. It would be interesting to look for the implications of other nonlinear terms
in the effective action of the M5-brane [59] (and see also [60]).

8. Type TIA

For completeness, we will now present some examples of so(16)-packs for type-IA string
theory. The corresponding FEjy orbifold was discussed in section 3.4. The Zy-charge is
ks + k7. A basis for the sublattice of Q(E1¢) generated by Zs-invariant roots is given by

! 1
a_1,Qp, 1, 2, 063,054,065705875 ag
where

E/ = Qg +Oé7 - (OaOaOaOaOaOaOa 170? _1)7
& = ag + 203 + 3ay + 4as + 3a + ar + 2ag — (0,0,0,1,1,1,1,1,0,1).

The inner products are given by Instead of (4.8), we define a linear map vya : H(DFEg)* —
h(E10)" by

via(y=1) = a—1, va(yw) =ao, via(m) =01, via(r)=oa, wvia(y)=oas,
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via(a) = o, via(ys) = s, vialye) =€, vialyr) =€", va(s) =as. (8.1)
Instead of (5.5), we define
wi=vpow ,

which gives, using (8.1) and (5.4),

wia(fo1) = a1, wna(fo) =0, wna(f) =ar, wn(b) =02, wra(fz)=as,
wia(B1) = au, wa(Bs) =as, wu(Bs)=¢, wmlx)=as, wn(bs)=2=¢",

wia(By) = wra(Bo) = = wa(bis) =0.

Using (5.2), we get

wia(fr) = %(WIA(X) —wa(Bs)) = %(048 —ag —ar).
In type-IA the twisted sectors are D8-branes. We will now analyze the Wess-Zumino
interactions on D8-branes, in a fashion similar to section 7.3.
Take for example the Wess-Zumino interaction Ag A Fio A f?ﬁ%ﬁ?& where again FRE
is a Ramond-Ramond 6-form field-strength, A is the 1-form Yang-Mills gauge field on a
D8-brane, and F' = dA is its field-strength. The flux Fis is associated to the so(16)-pack

< 1
N=(,16), XN = (0,0,1,1,1,1,1,1, 5,1>

7 3 5
a1 + 209 + 3a3 + day + Sas + 5(16 + 50[7 + 5048 . (8.2)

This so(16)-pack has lowest DE1g weight
V' =61+ BoABs+Bu+Bs+ O+ B+ PBs,  wa(y) =N (8.3)

Equation (8.2) is easily checked by calculating the energy stored in the flux,

7LMS5R3"'R8

62<x,ﬁ _
gs  RiRa

<

M,?R1 - Rip = M$5R?2, - R§RyRY,

where My = ME/QR%Q is the string scale, and g5, = (MpR10)3/2 is the string coupling
constant.
The flux .7-"3511;678 is associated to

:\// = (/\//, 1)a )\/, = (15 15070705050507 1’0) .

This singlet so(16)-pack has DFE1g weight

6
" = Bo1 260+ 281+ 285 + 20 + 281+ 205+ 285 + 28 +2( Bsrs ) + Bus + e, (8.4)
j=1

(So that @wya(y"”) = A".) We conclude that the so(16)-pack

A=+, 16) = <1, 1,1,1,1,1,1,1, % 1; 16) .
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With lowest weight

6

Y = P-1+200+301+302 4303+ 304 +305+ 306 + 307+ P +2 (Z ﬂ8+j) + 15+ e, (8.5)
=1

corresponds to the charge that couples to Ag — the open-string end-point charge. Note
that 42 = 0 and that, in fact, v is W (DEg)-equivalent to 5 from (7.6), and therefore its
multiplicity in DFEg is

multy = mult §, = 16.

All 16 weights of A can be obtained from v by Weyl reflections around g, ..., 816, and
therefore square to 0 like . As we mentioned in section 7.3, we do not know the physical
meaning of the multiplicity.

9. The Orbifold (T*/Z,) x (T*/Zs)

We will briefly remark on a more complicated orbifold — (T%/Zs) x (T*/Z5).

First, let us recall a few of the physical properties of M-theory on (T%/Zy) x (T*/Zs).
We take the supersymmetric case, without discrete torsion. The T4 /Z, singular spaces can
be deformed into smooth K3 spaces. We then get M-theory on K3 x K3 x T?. According
to [24] there must also be 24 M2-branes in this compactification which are points on K3x K.
Alternatively, one can argue [24] that M-theory on K3 is dual to heterotic string theory on
T3 [61]. The compactification of M-theory on K3 x K3 x T? is then dual to heterotic string
theory on K3 x T°. If the heterotic gauge-bundle is trivial on K3, then 24 NS5-branes are
required to cancel anomalies.

Let us analyze the Zy X Zg action on Fqg. The Zo X Zs charges are determined by the
values of ko + ks and k4 + kg. They can be expressed in terms of the two imaginary roots

mn=(2,22222,1,1,1,3), ™ =(2,2,1,1,1,3,2,2,2,2).
The subset of roots
A — fo: (11|a) = (r]a) =0 (mod 2)}, (9.1)

defines the untwisted sector of M-theory on (T%4/Zs) x (T*/Zs). The 24 exceptional M2-
branes that are required by [24] correspond to the imaginary root

e =(2,2,1,1,1,1,1,1,1,1).
It is now interesting to note that
(Tmzla) =0 (mod 2), Vo € A1)

In fact,

TM2 = T1 + T2 (mod 2)
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Figure 10: The Dynkin diagram of the (Zs X Zg)-invariant subalgebra of Ej that is associated
with the (T*/Zs) x (I'*/Zs) orbifold.

Let us find the analog of the DFqy C FE1g subgroup from section 4. The steps are similar
to section 4.3. We set

€V =ag+ar+as+as+as+as+as,
5(2) as + 2ay4 + 3as + 20 + a7 + 2ag,
X = €W + g + 204 + 205 + 206 + a7,

and take a_1, a1, a3, as, ag, az, x, Y, €@ as a basis. The resulting Dynkin diagram is
depicted in figure 10.

Exploring possible analogs of DF1g will be left for future work. We have seen in
section 6 that the number 8 of extra nodes needed to extend the Dynkin diagram of DFEg
to DEg was the rank of s0(16), and 16 was the number of exceptional branes. By the same
token, we expect the Kac-Moody algebra that describes the (T%/Zy) x (T*/Zs) orbifold
to be of rank 10 + (16 + 16 + 24)/2 = 38, since there are 2 x 16 exceptional Kaluza-Klein
monopoles (corresponding to each separate T%/Zo as in section 3.6) and 24 exceptional
M2-branes. It should correspond to a Dynkin diagram with black and white nodes such
that the black nodes generate an s0(16) + s0(16) + s0(24) subalgebra, corresponding to
the twisted sectors, and the commutant of so(16) + s0(16) + so(24) should contain the
Kac-Moody algebra depicted in figure 10.

Heterotic string theory on K3 x T2 is dual to M-theory on X x S', where X is a certain
Ks-fibered Calabi-Yau manifold [62, 63]. It follows that if we could understand fully the
Zo X Zs orbifold of Eyp, we might be able to give a Lie-algebraic description for M-theory
on certain Calabi-Yau manifolds.

10. Conclusions and discussion

In simple Zy orbifolds of M-theory on 710, the Z, action on spacetime defines a Zs action
on F1g. The spacetime fields and branes of the untwisted sector of the orbifold correspond
to roots of the Zo-invariant subalgebra of E1o — the algebra we called g(™). We have seen
that this algebra contains a Kac-Moody subalgebra DE1g, but gi™) is bigger.

The twisted sectors of the orbifold comprise of branes that correspond to imaginary
roots that are orthogonal mod 2 to all the Zs invariant roots. Both twisted and untwisted

sectors appear to be encoded in a larger structure — the Kac-Moody algebra DFE1g. This

,38,



algebra contains an s0(16) subalgebra whose commutant g(®®™) contains DFEjg. The infinite

(com)

dimensional Lie algebra g is also larger than DF1g, and it would be very interesting

to compare it to g(inv).

DE;g has two distinct Weyl equivalence classes of prime isotropic roots (roots that
square to zero and are not a nontrivial multiple of any other root). Roots in the first
class have multiplicity 8, while roots in the other class have multiplicity 16. We have given
several examples of brane-charges that correspond to roots from each class (see equations
(7.7, (7.8), (7.10), (8.5)).

Finally, we constructed a Kac-Moody algebra that describes the untwisted sector of
a (T*)Zy) x (T*)Zsy) orbifold. It would be interesting to extend this algebra to include
twisted sectors.

Another direction for further study is a possible connection with K-theory. K-theory
classifies Ramond-Ramond charges and fluxes in perturbative string theory ([64] and refer-
ences therein), while real roots of E1p and D FE1g appear to classify fluxes nonperturbatively,
and prime isotropic imaginary roots extend the notion of charge. In particular, Zo orien-
tifolds [39] have been discussed in the K-theory context in [65, 66]. It would be interesting
to understand the various discrete types of orientifolds in terms of DFE1g; their M-theory
interpretation is described in [67]-[69]. It would also be interesting to study the physical
interpretations of other Kac-Moody algebras, such as the ones appearing in [70].

Finally, let us discuss our results in the context of the “mysterious duality” between
toroidally compactified M-theory and del-Pezzo surfaces [71]. Igbal, Neitzke and Vafa
have established an intriguing correspondence between brane charges of M-theory on T*
(k=0,...,8) and cohomology classes of rational curves in the del-Pezzo surface By, which
can be described as CP? blown up at k points. (See also [72] for a recent discussion.)
The connection with F1g appears to be that the root lattice of Ej is a sublattice of the
H?(Z) cohomology lattice of By. In fact, it appears that the “mysterious duality” can be
extended to k = 10. The del-Pezzo surface would be replaced by a noncompact Calabi-
Yau surface which can be constructed by starting with a CP2, picking two cubic varieties
on it and blowing-up their 9 intersection points, and then removing one cubic (hence the
noncompactness). This gives a “3K3” surface and the H?(Z) cohomology lattice is Q(E1).
(Infinite dimensional Lie algebras have been introduced in the context of this del-Pezzo
surface in [73, 74].)

Instantons in M-theory on 70 are connected with real roots in Q(E1g), which in turn
are related to cohomology classes of %Kg which square to 2. The duality between brane
charges and del-Pezzo surfaces with smaller & can be obtained from %Kg by blowing down,
in a way similar to the one described in [71] for lower k’s.

It would be very interesting to study imaginary roots of Fig in the context of the
generalized Igbal-Neitzke-Vafa duality. They would correspond to curves of genus 1. Also,
the orbifolds of T''° that we discussed in section 3 are described by assigning a Zy-gradation
on Q(F1p). On the del-Pezzo side of the duality, this corresponds to an element of H?(Zs).
Perhaps this could be further interpreted as a Stiefel-Whitney class of a real vector bundle.
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A. Proof that DFE,, C g

We will now complete the details of the proof from section 4.3. Using the map v, defined
in (4.8), we can construct an injective homomorphism of Lie algebras,

U: DFEg— g(inv) C Eio
such that

a. For any a € A(DFEj) we have 0(g(DE10)a) C 8y(a), and the restriction of ¥ to
g(DFE1), is an injection. [Here g(F10)o and g(DE1g). are the root spaces of DFE1q
and FEj, as defined in (2.1).]

b. ¥ is an isomorphism between the Cartan subalgebras h(DE1g) and h(Ep).

c. If & € Agre(DE1) (a real root) then © is an isomorphism between the root spaces
g(DEIO)a and gw(a).

Proof. U can be defined naturally on the Cartan subalgebra h(DFE1). Pick Chevalley gen-
erators e; € g(DFE1g),, (i = —1...8), and pick nonzero elements x; € g(E19)y(y,)- Define
0(€}) = x;. The Serre relations among the e’s are satisfied by the z;’s. We can see this by
using the Weyl-group W (E1p) to turn pairs of x;’s into simple roots. Using the invariant
bilinear forms on DFE1y and on E1g we can find y; € Q(EIO)—U(%
Pick Chevalley generators f; € g(DE1o)—~, and set 0(f]) = yi.
The map v is well-defined. To see that it is an injection, note that the kernel Ker ¥ is
an ideal of DF1q that intersects h(DEqg) trivially. Therefore, according to [25], Ker © = 0.
Parts (b) and (c¢) follow immediately from (a).

y such that (z;ly;) = d;.

B. Proof that DE;, C g(com™

We now complete the missing details of proposition 5.1. Set z* to be nonzero generators
of the root spaces g(DE1g)+y, and let g’ C DEjg be the smallest subalgebra that contains
the set

{e_1,f-1,-++ €6, fo €8, fs, 21,27} C DEyg10) - (B.1)
We will now show that g’ ~ DFjg. Consider the set of positive real roots 5_1,..., 8¢, 53, X-
These roots all square to 2, and their intersection matrix is encoded in the Dynkin diagram
of figure 8, which, as we saw, is the Dynkin diagram of DFE15. We can therefore construct
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a surjective map ¢ : DFEyy — ¢’ that maps the Chevalley generators of DE1g to the cor-
responding elements (B.1). We need to prove that ¢ is injective, i.e. that there are no
extra relations among the elements of (B.1) in addition to those of the Kac-Moody alge-
bra DEjg. To see this note that {¢p=!(h_1),...,¢ 1 (hg)} generate the Cartan subalgebra
h(DE1g), and therefore the kernel of ¢ intersects h(DFE1g) trivially. But the kernel of ¢
is an ideal of DFqy and a Kac-Moody algebra has no nontrivial ideals that intersect the
Cartan subalgebra trivially. (This follows from the construction in §1 of [25].) It follows
that ¢ is an isomorphism of algebras and DEg ~ g'.

C. Proof of proposition 6.1

proposition 6.1 states that for

8
0#z€g,y, VZZkiﬂiEA(DElé%)v
i—1

U(so(16))x ~ Lso(lﬁ)(|k7\1~\9). Proof. Let e;, fi, h; (i = —1,...,16) be Chevalley generators
for DFE1g. Suppose, without loss of generality, that k7 < 0. The element x is a linear
combination of multiple commutators of f_q,..., fs and f7 appears |k7| times. Consider a
particular commutator

=l (o [fryeeee e 1, (C.1)

|k7| times

where the other generators that appear in --- are from the list f_q1,..., fg, fs. s0(16)
commutes with all these generators, and

Vi=U(s0(16)) f =~ L(Ao)

is isomorphic to the fundamental representation of s0(16) (since e7, f7, h7,eg, ..., h16 gen-
erate a finite 50(18) Lie algebra). Note that f7 € V' is a lowest-weight vector (a generator of
the weight-space of /~\9). Let V®/#| be the tensor product of |k7| copies of the fundamental
representation 16. There is a surjective map g : VE/*7l — U(s0(16))z generated by

@1®v2®...®vlk7lH[...[vlj...[/UZ’ ...... H]’

where the various (- - - )’s are the same series of commutators as appear in the corresponding
expression (C.1). This map sends f7 ® -+ ® f7 to z. Now set

W:=U(50(16))(f7 @ --- @ fr) =~ L(Ikﬂf:\g) ,

|k7| times

W is isomorphic to the irreducible representation of rank-|k7| traceless symmetric tensors.
g induces a map ¢ : W — U(s0(16))z, since W c V¥l Also, fr @ --- @ fr € W, so ¢
is surjective. Since W is irreducible, ¢’ is an isomorphism. This proves that U(so(16))z
is isomorphic to Lso(16)(\k7|/~\9)~ It is easy to extend this proof to z, which is a linear
combination of expressions like (C.1).
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C.1 Equivalence of root lattices

In this section we prove that:
1. The g™ root lattice is isomorphic to the DE1q root lattice.
2. The g(®™) root lattice is isomorphic to the DEjy root lattice.

Proof. We already established an embedding of the DE1g root lattices, in section 4.3 using
the isometry v, and in section 5.4 using the isometry o. We will now show that both
v and o are actually surjective on positive roots; the surjection on negative roots then
follows automatically. Thus we will have shown that v and ¢ are surjective embeddings,

i.e. isomorphims.

1. Let a € At (g(™). Then

o= Z a;o; + 2kas +Zaja], k,a;,a; € N.

i=—1

Using the F1o Cartan matrix corresponding to the Fqg Dynkin diagram (figure 1) we
find

(ala)g,, = Z a; +4k2+2a -

i=—1
6
Z a;ai+1+2kas+2kay +a5ag+z ;041
i=—1 j=4
Note that o € A (g™v)) implies that (ala) g, € 27 and is less than or equal to 2.

We rewrite a in terms of (D E1) C g™ simple roots, and denote by 3 the resulting
element of v(Q(DFE10)) € Q(g™)). We find

1
ﬁ = Z aiai+k£+(a2—k)a2+(a4 — 2]())&4 + (a5 — 2]’0)0[54—(@6 — k)ag +arar+ (ag — k)ag .

i=—1

Next we calculate (8|8)pp,,, using the DEjg Cartan matrix from section 4.2, and
obtain

(B18) DEw = Z a; +4k2—|—Za -

1=—1
1 6
-2 Z aiai+1+2ka2+2ka4+a5ag+z ajajy1 |,
=1 =4

so (818) pg,, = (ala)g,,- Since (a|a)p,, < 2 and is even, and since DEjg is hyper-
bolic, [25, proposition 5.10] implies that § € A(DEjy), and v(8) = « clearly. We
want to show that (3 is also a positive root: if & > 0 we are finished, since if one
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simple root coefficient of a root is positive, then all simple root coefficients must be
non-negative. If kK = 0, it is equally clear that 3 is a positive root, by assumption on
. Thus we have proven that v : AT (DEyg) — At (g™)) is a surjective map.

. Let o € A*(g(©™)). Then

6 14
a= Y aifi+asbs+2kB+ Y 2kB; +kPis + kbre;  k,a; €N.
1=—1 7=9

Using the DFEjg Cartan matrix from (5.1), we find

6 5
(al)pp,, =2 <Z a? + a? + 2k2> -2 Z a;jaj1 + 2kag + arag
i=——1 j=—1

We rewrite « in terms of the ¢(DFE1o) C g(com) simple roots, and denote by ( the
resulting element of ¢(Q(DE1g)) C Q(g®™). We find,

5

8= aif;+ asPs + kx + (as — k)Be.

i=—1

Using the g’ = DE)y Dynkin diagram (figure 8), we calculate

6 5
(BIB) pyy = 20 a7 + a3 +2k*) = 2( Y ajaj 1 + 2kag + aras),
i=—1 j=-1

so (818)pg,, = (ala)pp,,- We remark here that since a € At (gleom)) then
(ale) pp,s < 2 (see Proposition 5.2¢ of [25]); however, the converse statement no
longer holds, because D FE'g is not hyperbolic. But we do not need the converse state-
ment. Since DEjg is hyperbolic, Proposition 5.10 of [25] implies that 8 € A(DEqg),
and o(f8) = « clearly. The same reasoning as in part (1) now shows that 3 €
AT(DEy), so o : AT(DEy) — At (g(®™) is a surjective map.

D. Denominator formula for g

In this section we will present a “denominator formula” that captures the multiplicities of
g™) roots. Recall the denominator identity (formula (10.4.4) of [25]),

H (1 _ e—a)multa — Z (Sgnw)ew(p)—p7

acAt weWw

Here, as usual in character formulas, we expand each side in a formal power series in the

formal variables e~®. The multiplication is according to the rule e %% = e~*#. The

sum on the right-hand side is over all Weyl-group elements w, and sgn w is the “signature”

of w — (+1) if w is a product of an even number of simple reflections and (—1) otherwise.
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The weight p is chosen such that (p|a) = 1 for all simple roots «. For Fqg, with the
assignment of simple roots as in the figure 1, we have

p=—30a_1 —6lag — 931 — 1269 — 1603 — 1954 — 2315 — 153 — 767 — 115ag .
We now calculate
H (1 _ efta)multa — Z (Sgn ’U))etw(p)itp
acAt weW

and

H (1 — (—1)(elm) gmaymulta _ Z (sgnw)(—1)w)=p)wlp)=r

acAt weW
It follows that

H (1 o e—a)multa H (1 + e—a)multa _ Z (sgn w)(il)(ﬂw(p)—p)ew(p)—p.
aeal™ aear\a(™ weWw
Multiplying by the original denominator formula, we get

H (1 _ e—a)Qmulta H (1 _ e—2a)multa _

aeAﬁi’“’) a€A+\A(+iI'V>
= ( Z (Sgn w)(l)(le(p)p)ew(p)p> ( Z (Sgnw>ew(p)p> )
weWw weEW
Finally, dividing by
H (1 _ 672a)multa _ Z (sgn w)€2w(p)72p
acAt weWwW

we obtain the requisite formula

H (tanh %)multa _ (ZwGW(Sgn w)(_l)(le(p)_p)ew(p)_p) (Z’u)EW(Sgn w)ew(p)_p>

Al > wew (sgn w)e2w(p)=2p
N

(D.1)
where we used
o\ mult o 1—e @ mult & 1 — e~ @)2multa
11 (tanh —) = II - 11 (1 —emo)zmte
L 2 L 14+e @ . (1 _ e—2a)multa
a€A$HV> aeAi““) aeA(f‘V)

Now we can compare (D.1) to a similar expression for DFEjy. Using similar manipulations
we find

2
/ , New' () —p'
H (tanh g)mult e _ (Zw EW(DEm)(Sgnw )6 ), ’ p/ _ p(DElO) ’ (DQ)

N 2w (p')—2
en i Zw/GW(DEw)(sgnw)e w! (p')—2p
o

where mult’ denotes D Fyy multiplicities, and we used the identification Aﬁi‘w) =AT(DE),
where h(DFE1g)" is implicitly identified with h(E19)* using (4.8).
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Using (2.5) and (4.5) we can write
p=p+8r,
where 7/ is some root such that
T — Tl € QQ(EH))

so that
(—1)@n) = (—1)lel™) for all « € Q(Eho).

Using (D.2) we get

o\ mult’ o
t h—) -
1T (an 5

aeA(f‘V)

(Zw’eW(DEIO) (sgn w’)eW’(p)prw/(T/),gT/)

N 2w’ (p)—2p+16w’ (77)—167"
Zw/eW(DElo)(sgnw )6 w’(p)—2p w!(77) T

o\ mult o
¢ hf) -
(an 2

2

inv)

_ (Suewey a0l -0 7) (5 iy sy (s w)e )
ZweW(Em) (sgnw)e2w(p)=2p

Let us now discuss the relation between the Weyl groups W(DE1g) and W (Ep). We
can identify both W(DEg) and W (E1o) as subgroups of the isometry group of the dual
of the Cartan subalgebra h(DFE19)* ~ h(E19)".

acA

-+

Lemma D.1. We have:

a. W(DEy) C W(E1);

b. W(DE) ~{w € W(E): w(r)—7 € 2Q(Ew0)};

c. The coset W(DEn)/W (Ev) is finite and has 527 elements.

Proof. W(DEny) is generated by reflections around v_1,...,7s. Using (4.8), we can thus
identify W (DFEo) with the subset of W(FE1g) that is generated by reflections around the
real roots v(v_1),...,v(7s). This proves part (a).

To prove (b), consider a fundamental Weyl reflection r; € W(DE1) around the simple
root ;. This maps to a reflection To(y;) € W (E1p). We now calculate

To(y)(T) = 7 = (tlo(vi))v(vi) € 2Q(Eno),

since (7]v(y;)) is even. W(Ejo) is generated by the fundamental reflections r;, and it
therefore follows that W(DEj) C {w € W(Eyo): w(r) —7 € 2Q(E10)}-
To prove D, take w € W(Eg) such that

w(t)—T17=20 for some 8 € Q(E1).
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note first that
(1) =7 =0=0 (mod 2)

and therefore 7 € Q™) ~ Q(DEjg). According to Proposition 5.10b of [25], since both
Eyp and DE1q are hyperbolic, the Weyl groups W (DE1g) and W (Eyg) are equivalent to a
7./27.} quotient of the group of automorphisms of the respective root lattices Q(DE1q) and
Q(E1p). The Z/27Z quotient is the identification of the automorphisms ¢, —¢ € Aut(Q).
From part (a) it follows that every automorphism of Q(DEjy) can be extended to an
automorphism of Q(E1p). Thus

g(w(a)) = (w(a)|r) = (alw™ (1)) = (a7 = 2071(8)) = (al7) = ¢(a)
for any o € Q(DEy) ~ Q™) c Q(Ey).

This proves that w preserves Q) ~ Q(DE1) and therefore
W(DE) D {w € W(Ew): w(r)—7€2Q(Ew)}.

To prove (c¢), note that if wy,ws € W(Eyp) then wi (1) — wa(r) € 2Q(E1p), if and
only if wflwg(T) — 7 € 2Q(Ey), and so, by (b), wflwg € W(DEyg). Therefore, the
map ¢ : W(Ey)/W(DEy) — Q(E10)/2Q(E19) that sends the equivalence class of w €
W (E1p) to the equivalence class of w(7) — 7 is an injection. This proves the finiteness of
W (E1)/W (DEy).

To count the size of W(E1o)/W (DE7y) we need to calculate the size of the image of .
This is most conveniently done in the basis (2.4). Define the set

10 10
S:={(n1,...,n10): n;, €7, ZTLZ‘ € 37, Z(il)m € {-8,-6,0,2,8}}
=1 i=1

Using (2.2), we see that S can be identified with a certain a subset of Q(FE1g). Using (2.4), it
is easy to check that the fundamental Weyl reflections preserve S C Q(E1g). S is therefore
W (Ep)-invariant. Using the explicit expressions found in section 3, we see that 7 € S. The
coset S/2Q(F1o) [where we use the explicit representation of Q(Ejp) as in (2.4)] contains

10 10 10 10 10
<9)+(8>+<5>+<4>+<1> = 527 elements.

Therefore, the image in Q(E10)/2Q(E10) of the map ¢ contains at most 527 elements. To
see that it contains exactly 527 elements, recall that by Proposition 5.7 of [25] all positive
prime isotropic roots of Ejg are W(FEig)-equivalent to 7. Below is a list of such roots

a = w(7) [in the basis (2.4)] such that ¢(w) = [a — 7] (the equivalence class of a — 7 in

Q(F10)/2Q(E10)) exhaust all 527 possibilities.

10
(9 > = 10 distinct permutations of (0,1,1,1,1,1,1,1,1,1),

"Here we use the notation Z/2Z ~ Z2 to avoid any confusion with the Zs orbifold group.
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10
< > = 45 distinct permutations of (2,2,1,1,1,1,1,1,1,1) =(0,0,1,1,1,1,1,1,1,1),

8

5

10
( ) = 252 distinct permutations of (2,2,2,2,2,1,1,1,1,1) = (0,0,0,0,0,1,1,1,1,1),

10 .. .
1) = 210 distinct permutations of (2,2,2,2,2,2,1,1,1,3) = (0,0,0,0,0,0,1,1,1,1),

1

1
< O> = 10 distinct permutations of (2,2,2,2,2,2,2,2,4,1) = (0,0,0,0,0,0,0,0,0,1).

The =’s are (mod 2).
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